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Abstract
An edge-coloured cycle is rainbow if all edges of the cycle have distinct colours.
For k ≥ 1, let Fk denote the family of all graphs with the property that any k
vertices lie on a cycle. For G ∈ Fk, a k-rainbow cycle colouring of G is an edge-
colouring such that any k vertices of G lie on a rainbow cycle in G. The k-rainbow
cycle index of G, denoted by crxk(G), is the minimum number of colours needed
in a k-rainbow cycle colouring of G. In this paper, we restrict our attention to
the computational aspects of k-rainbow cycle colouring. First, we prove that the
problem of deciding whether crx1 = 3 can be solved in polynomial time, but
that of deciding whether crx1 ≤ ℓ is NP-Complete, where ℓ ≥ 4. Then we show
that the problem of deciding whether crx2 = 3 can be solved in polynomial time,
but those of deciding whether crx2 ≤ 4 or 5 are NP-Complete. Furthermore, we
also consider the cases of crx3 = 3 and crx3 ≤ 4. Finally, we prove that the
problem of deciding whether a given edge-colouring (with an unbounded number
of colours) of a graph is a k-rainbow cycle colouring, is NP-Complete for k = 1,
2 and 3, respectively. Some open problems for further study are mentioned.
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polynomial time; NP-Complete
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1. Introduction
We follow the terminology and notations of [3] and all graphs considered here
are finite and simple.
A well-known result of Dirac [9] states that for k ≥ 2, any k specified vertices
in a k-connected graph are contained in a cycle. Bondy and Lova´sz [2] proved that
for k ≥ 2, any k − 1 specified vertices in a k-connected non-bipartite graph are
contained in an odd cycle; and for k ≥ 3, any k specified vertices in a k-connected
graph are contained in an even cycle. Bolloba´s and Brightwell [1] showed the
following result: if n ≥ k ≥ 3 and d ≥ 1 are such that s = ⌈ k
⌈n/d⌉−1
⌉ ≥ 3, then
for any k vertices of degree at least d in a graph of order n, there exists a cycle
containing at least s of the vertices. Very recently, Liu [18] studied the following
problem: For k ≥ 1, let Fk denote the family of all graphs G with the property
that any k vertices of G belong to a cycle. An edge-coloured cycle is rainbow if
all edges of the cycle have distinct colours. Consider an edge-colouring of G ∈ Fk
such that, any k vertices are contained in a rainbow cycle. What is the minimum
number of colours in such an edge-colouring?
For G ∈ Fk, a k-rainbow cycle colouring of G is an edge-colouring such that
any k vertices of G lie on a rainbow cycle in G. A 1-rainbow cycle colouring is
simply called a rainbow cycle colouring. An edge-coloured graph G is k-rainbow
cycle connected if its colouring is a k-rainbow cycle colouring. The k-rainbow
cycle index of G, denoted by crxk(G), is the minimum number of colours needed
in a k-rainbow cycle colouring of G. Thus, crxk(G) is well-defined if and only if
G ∈ Fk. In [18], Liu studied the k-rainbow cycle index for some special classes of
graphs.
This concept is related to the concept of rainbow connection number of graphs,
which was introduced by Chartrand et al. [6]. An edge-coloured graph is rainbow
if the colours of its edges are distinct. An edge-coloured graph G is rainbow
connected if any two vertices are connected by a rainbow path. In this case, the
colouring is called a rainbow colouring of G. The rainbow connection number
of a connected graph G, denoted by rc(G), is the minimum number of colours
that are needed in order to make G rainbow connected. Later, Krivelevich and
Yuster [11] extend the concept of rainbow connection to the vertex version. For
more results on rainbow connection and rainbow vertex connection, we refer to
the survey [17] and some recent papers for digraphs [14, 15].
The computational complexity of the rainbow (vertex-) connection number
has been studied extensively. In [4], Caro et al. conjectured that computing the
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rainbow connection number is an NP-Hard problem, as well as that even deciding
whether a graph has rainbow connection number 2 is NP-Complete, which was
confirmed by Chakraborty et al. [5]. For the rainbow vertex-connection number,
Chen et al. [8] showed that for a graph G, deciding whether the rainbow vertex
connection number equals to 2 is NP-Complete. Actually, there are many other
results on this topic, we refer to the recent papers [10, 16, 12] and the PhD thesis
of Juho Lauri [13].
In this paper, we restrict our attention to the computational aspects of k-
rainbow cycle colouring of graphs. In Section 2, we prove that the problem of
deciding whether crx1 = 3 can be solved in polynomial time, but that of deciding
whether crx1 ≤ ℓ is NP-Complete, where ℓ ≥ 4. In Section 3, we show that
the problem of deciding whether crx2 = 3 can be solved in polynomial time, but
those of deciding whether crx2 ≤ 4 and 5 are NP-Complete. In Section 4, we
show that it is easy to check whether crx3 = 3 and crx3 ≤ 4. In the last section,
we turn to the problem of deciding whether the given edge-colouring (with an
unbounded number of colours) of a graph is a k-rainbow cycle colouring and we
prove that the problem is NP-Complete for k = 1, 2 and 3.
2. 1-Rainbow cycle index
In this section, we consider the problem of determining whether a given graph
G has a 1-rainbow cycle colouring with ℓ colours, that is, determining whether
crx1(G) ≤ ℓ, where ℓ ≥ 3.
We first present a polynomial-time algorithm for the case ℓ = 3 of the above
problem.
Algorithm: Deciding Whether crx1(G) ≤ 3
INPUT: a graph G = (V,E)
OUTPUT: a 1-rainbow cycle colouring function c of G with three colours 1, 2
and 3 or the conclusion that crx1(G) > 4
1: set χ := ∅, F := ∅
2: while V \F is nonempty do
3: pick a vertex v from V \F
4: if v has two adjacent neighbours u and w then
5: if uw ∈ χ then
6: colour vu and vw such that {c(vu), c(vw)} = {1, 2, 3}\{c(uw)}
3
7: replace χ by χ ∪ {vu, vw}
8: else
9: set c(vu) := 1, set c(vw) := 2 and set c(uw) := 3
10: replace χ by χ ∪ {vu, vw, uw}
11: end if
12: replace F by F ∪ {v, u, w}
13: else
14: return (crx1(G) > 4)
15: end if
16: end while
17: while E\χ is nonempty do
18: pick an edge e from E\χ
19: set c(e) := 1
20: replace χ by χ ∪ {e}
21: end while
22: return (c)
Note that, in the above algorithm, if a vertex v ∈ F , then there is a rainbow
triangle containing v. For step 5, if an edge uw ∈ χ, then uw has been coloured
and the vertices u, w ∈ F . Conversely, if v /∈ F , then the edges adjacent to v do
not belong to χ.
Moreover, the running time of the above algorithm is bounded by O(n3m).
Thus, we have the following theorem:
Theorem 2.1. Given a graph G, the problem of deciding whether crx1(G) ≤ 3
can be solved in polynomial time.
For ℓ ≥ 4, the problem of deciding whether crx1(G) ≤ ℓ turns out to be NP-
Complete. We establish its NP-completeness by reducing the following problem
to it. The ℓ-vertex-colouring problem: given a graph G and an integer ℓ,
decide whether there exists an assignment of at most ℓ colours to the vertices of
G such that no pair of adjacent vertices are coloured the same, namely whether
χ(G) ≤ ℓ. It is known that this ℓ-vertex-colouring problem is NP-Complete for
ℓ ≥ 3.
Theorem 2.2. Given a graph G and an integer ℓ ≥ 4, the problem of deciding
whether crx1(G) ≤ ℓ is NP-Complete.
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Proof. Clearly the problem belongs to NP. Now given an instance G = (V,E)
of the ℓ-vertex-colouring problem, we construct a graph G′ = (V ′, E ′) such that
χ(G) ≤ ℓ if and only if crx1(G
′) ≤ ℓ.
We start by constructing a star, with one leaf vertex corresponding to every
vertex v ∈ V (G) and an additional central vertex a. Then for every edge vivj ∈
E(G), add a vivj-path of length ℓ − 2: viu
1
i,ju
2
i,j . . . u
ℓ−3
i,j vj . For every pair vi, vj
of vertices such that vivj /∈ E(G), add two vivj-paths of length 2: viw
1
i,jvj and
viw
2
i,jvj .
More formally, the vertex set V ′ of G′ is defined as follows:
V ′ = V ∪ {a} ∪ U ∪W
U = {u1i,j, u
2
i,j, . . . , u
ℓ−3
i,j : vivj ∈ E(G) and i < j}
W = {w1i,j, w
2
i,j : vivj /∈ E(G) and i < j},
and the edge set E ′ is defined as follows:
E ′ = E1 ∪ E2 ∪ E3
E1 = {avi : vi ∈ V }
E2 = {viu
1
i,j, u
t
i,ju
t+1
i,j , u
ℓ−3
i,j vj : 1 ≤ t ≤ ℓ− 4, vivj ∈ E(G) and i < j}
E3 = {viw
1
i,j, w
1
i,jvj, viw
2
i,j, w
2
i,jvj : vivj /∈ E(G) and i < j}.
Now, if crx1(G
′) ≤ ℓ, let c′ be a 1-rainbow cycle colouring of G′ using ℓ
colours. We define the vertex-colouring c of G by c(vi) = c
′(avi), for every
vi ∈ V . Note that, for each edge vivj ∈ E(G) and the vertex u
1
i,j ∈ U ⊆ V
′,
there is only one cycle of length at most ℓ containing the vertex u1i,j, that is,
viu
1
i,ju
2
i,j . . . u
ℓ−3
i,j vjavi. So c
′(avi) 6= c
′(avj), and thus c(vi) 6= c(vj), that is, c is a
proper ℓ-vertex-colouring.
In the other direction, assume that χ(G) ≤ ℓ and c : V → {1, 2, . . . , ℓ} is a
proper ℓ-vertex-colouring of G. Define the edge-colouring c′ of G′ as follows:
• For each edge avi ∈ E1, we set c
′(avi) = c(vi).
• For any vivj ∈ E(G), c(vi) 6= c(vj), and so c
′(avi) 6= c
′(avj). Except the
colours c(vi) and c(vj), colour the vivj-path viu
1
i,j . . . u
ℓ−3
i,j vj with the remaining
(ℓ− 2) colours such that no two edges on the path have the same colour, that is,
{c′(avi), c
′(viu
1
i,j), . . . , c
′(uℓ−3i,j vj), c
′(avj)} = {1, 2, . . . , ℓ}.
• Finally, for any vivj /∈ E(G), set c
′(viw
1
i,j) = 1, c
′(viw
2
i,j) = 2, c
′(w1i,jvj) = 3 and
c′(w2i,jvj) = 4.
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It is easy to verify that this edge-colouring c′ is indeed a 1-rainbow cycle
colouring of G′ using ℓ colours. This completes the proof.
3. 2-Rainbow cycle index
Next, we consider the problem of determining whether crx2(G) ≤ ℓ, where
ℓ ≥ 3.
In [18], Liu proved the following result for complete graphs, which will be used
in the later proof. For completeness, we include the proof in [18] here.
Lemma 3.1 ([18]). For n ≥ 3, crx1(Kn) = crx2(Kn) = 3.
Proof. It suffices to show that crx2(Kn) ≤ 3 for each n ≥ 3. We use induction
on n to show that there is a 2-rainbow cycle colouring of Kn using three colours.
For n = 3, we simply take the rainbow-coloured K3. Now suppose n ≥ 4 and let
u be a vertex of G ∼= Kn. By induction, there exists a 2-rainbow cycle colouring
c′ for G − u ∼= Kn−1, using three colours. Define a colouring c of G as follows.
If n − 1 is even, then take a perfect matching M of G − u, and for vw ∈ M ,
let c(uv) and c(uw) be the two colours different from c′(vw). If n − 1 is odd,
then take x1, x2, x3 ∈ V (G − u) such that c
′(x1x2), c
′(x2x3) and c
′(x3x1) are
distinct, and take the perfect matching M ′ of G−{u, x,x2, x3}. For the colouring
c, colour the edges from u to the vertices ofM ′ in the same way as before, and let
c(uxi) = c
′(xi+1xi+2) for i = 1, 2, 3 (indices are taken modulo 3). Clearly c also
uses three colours. Now by induction, any two vertices of G− u lie in a rainbow
triangle. If v is a vertex of M (n− 1 even) or M ′ (n− 1 odd), then u and v lie in
the rainbow triangle formed by u and the edge of M or M ′ incident with v. For
n − 1 odd, uxixi+1 is a rainbow triangle for i = 1, 2, 3. Hence, c is a 2-rainbow
cycle colouring of Kn, and we are done by induction.
For ℓ = 3, we have the following result:
Theorem 3.1. For a given graph G, crx2(G) = 3 if and only if G is a complete
graph of order at least 3.
Proof. If G is a complete graph of order at least 3, by Lemma 3.1 we know that
crx2(G) = 3.
In the other direction, clearly |V (G)| ≥ 3. Assume that G is not a complete
graph, that is, there is a pair (u, v) of vertices such that uv /∈ E(G). Then
the shortest cycle containing u and v has length at least 4. Thus, we have
crx2(G) ≥ 4, a contradiction.
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Therefore, given a graph G, we can decide whether crx2(G) = 3 in polynomial
time. However, for ℓ = 4, we can show that the problem is NP-Complete. We
denote the set {1, 2, . . . , n} by [n].
Theorem 3.2. Given a graph G, the problem of deciding whether crx2(G) ≤ 4
is NP-Complete.
Proof. Clearly the problem is in NP. We prove the NP-Completeness by reducing
“the 4-vertex-colouring problem” to it. Let G = (V,E) be an instance of the
4-vertex-colouring problem, where V = {v1, v2, . . . , vn}. We construct a graph
G′ = (V ′, E ′) such that χ(G) ≤ 4 if and only if crx2(G
′) ≤ 4.
The vertex set V ′ of G′ is defined as follows:
V ′ = V ∪ U ∪W 1 ∪W 2
V = V ∪ {vn+1}, U = {ui,j : vivj ∈ E(G) and i < j} ∪ {a}
W 1 = {w1i,j, w
2
i,j : vivj /∈ E(G) and i < j},
W 2 = {w1i,n+1, w
2
i,n+1 : i ∈ [n+ 1]}.
And the edge set E ′ of G′ is defined as follows:
E ′ = E1 ∪ E
1
2 ∪ E
2
2 ∪ E
3
2 ∪ E3 ∪ E
1
4 ∪ E
2
4 ∪ E5
E1 = {xy : x, y ∈ U}
E12 = {xy : x, y ∈ W
1}, E22 = {xy : x ∈ W
1, y ∈ W 2}
E32 = {w
k
i,n+1w
l
j,n+1 : 1 ≤ i < j ≤ n + 1, 1 ≤ k ≤ 2, 1 ≤ l ≤ 2}
E3 = {viui,j, ui,jvj : vivj ∈ E(G) and i < j} ∪ {avi : i ∈ [n]}
E14 = {viw
1
i,j, w
1
i,jvj , viw
2
i,j, w
2
i,jvj : vivj /∈ E(G) and i < j}
E24 = {viw
1
i,n+1, vn+1w
1
i,n+1, viw
2
i,n+1, vn+1w
2
i,n+1 : i ∈ [n]}∪
{vnw
1
n+1,n+1, vn+1w
1
n+1,n+1, vnw
2
n+1,n+1, vn+1w
2
n+1,n+1}
E5 = {xy : x ∈ U, y ∈ W
1 ∪W 2}.
Now, suppose crx2(G
′) ≤ 4 and c′ is a 2-rainbow cycle colouring of G′ using
4 colours. We define the vertex-colouring c of G by c(vi) = c
′(avi), for every
vi ∈ V . Note that, G
′[V ] is an empty graph and moreover, for any vivj ∈ E(G),
only the vertices ui,j and a are adjacent to both vi and vj . Therefore, there is only
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one cycle of length at most 4 containing both vi and vj , namely viui,jvjavi. So
c′(avi) 6= c
′(avj), and thus c(vi) 6= c(vj), that is, c is a proper 4-vertex-colouring.
In the other direction, assume that χ(G) ≤ 4 and c : V → {c1, c2, c3, c4} is a
proper 4-vertex-colouring of G. We define the edge-colouring c′ of G′ as follows:
• Since G′[U ] and G′[W 1] are complete graphs, by Lemma 3.1, we can colour E1
and E12 by c1, c2 and c3 such that c
′(E1) and c
′(E12) are 2-rainbow cycle colourings
of G′[U ] and G′[W 1], respectively.
• For each edge xy ∈ E22 , where x ∈ W
1 and y ∈ W 2, if y = w1i,n+1, set c
′(xy) = c3;
otherwise, y = w2i,n+1 and set c
′(xy) = c4, for any i ∈ {1, . . . , n, n+ 1}.
• For the edges in E32 , we set c
′(w1i,n+1w
1
j,n+1) = c
′(w2i,n+1w
2
j,n+1) = c3, and
c′(w1i,n+1w
2
j,n+1) = c
′(w2i,n+1w
1
j,n+1) = c4, where 1 ≤ i < j ≤ n+ 1.
• For each edge avi ∈ E3, set c
′(avi) = c(vi).
For any vivj ∈ E(G), since c is a proper vertex-colouring, c(vi) 6= c(vj),
and so c′(avi) 6= c
′(avj). Thus we can colour the edges viui,j and vjui,j by
{c1, c2, c3, c4}\{c
′(avi), c
′(avj)} such that viui,jvjavi is a rainbow cycle.
• For any vivj /∈ E(G)(1 ≤ i < j ≤ n), set c
′(viw
1
i,j) = c1, c
′(viw
2
i,j) = c2,
c′(w1i,jvj) = c3 and c
′(w2i,jvj) = c4.
• For the edges in E24 , set c
′(viw
1
i,n+1) = c1 and c
′(viw
2
i,n+1) = c2, for 1 ≤ i ≤ n+1;
set c′(vn+1w
1
i,n+1) = c3 and c
′(vn+1w
2
i,n+1) = c4, for 1 ≤ i ≤ n; set c
′(vnw
1
n+1,n+1) =
c3 and c
′(vnw
2
n+1,n+1) = c4.
• Finally, for each edge xy ∈ E5, where x ∈ U and y ∈ W
1 ∪W 2, if y = w1i,j, set
c′(xy) = c3; otherwise, y = w
2
i,j and set c
′(xy) = c4.
Next, we show that the 4-edge-colouring c′ is a 2-rainbow cycle colouring of
G′. Let x, y be any two vertices of G′.
Case 1: x, y ∈ V .
If {x, y} = {vi, vj}, where vivj ∈ E(G), then viui,jvjavi is a rainbow cycle
containing x and y.
If {x, y} = {vi, vj}, where vivj /∈ E(G), then viw
1
i,jvjw
2
i,jvi is a rainbow cycle
containing x and y.
If {x, y} = {vi, vn+1}, where 1 ≤ i ≤ n, then viw
1
i,n+1vn+1w
2
i,n+1vi is a rainbow
cycle containing x and y.
Case 2: x, y ∈ U or W 1.
c′(E1) and c
′(E12) are indeed 2-rainbow cycle colourings of G
′[U ] and G′[W 1],
respectively.
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Case 3: x, y ∈ W 2 or x ∈ W 1 and y ∈ W 2.
If {x, y} = {w1i,n+1, w
2
i,n+1} or {x, y} = {w
k
i,n+1, w
l
j,n+1}, where 1 ≤ i 6= j ≤
n+1, 1 ≤ k ≤ 2 and 1 ≤ l ≤ 2, then w1i,n+1viw
2
i,n+1w
l
j,n+1w
1
i,n+1 is a rainbow cycle
containing x and y.
If x ∈ W 1 and y = wki,n+1 ∈ W
2, where 1 ≤ i ≤ n + 1 and 1 ≤ k ≤ 2, then
xw1i,n+1viw
2
i,n+1x is a rainbow cycle containing x and y.
Case 4: x ∈ U and y ∈ V ∪W 1 ∪W 2.
If y = vi ∈ V or y = w
k
i,n+1 ∈ W
2, where 1 ≤ i ≤ n + 1 and 1 ≤ k ≤ 2, then
viw
1
i,n+1xw
2
i,n+1vi is a rainbow cycle containing x and y.
If y = wki,j ∈ W
1, where vivj /∈ E(G), i < j and 1 ≤ k ≤ 2, then viw
1
i,jxw
2
i,jvi
is a rainbow cycle containing x and y.
Case 5: x ∈ V and y ∈ W 1 ∪W 2.
Let x = vi(1 ≤ i ≤ n+ 1).
If y ∈ W 1, then viw
1
i,n+1yw
2
i,n+1vi is a rainbow cycle containing x and y.
If y = wkj,n+1 ∈ W
2, where 1 ≤ j ≤ n + 1, i 6= j and 1 ≤ k ≤ 2, then
viw
1
i,n+1w
k
j,n+1w
2
i,n+1vi is a rainbow cycle containing x and y.
If y = w1i,n+1 or w
2
i,n+1 ∈ W
2, choose any one vertex z from W 1 and then
viw
1
i,n+1zw
2
i,n+1vi is a rainbow cycle containing x and y.
We have considered all the cases and so c′ is indeed a 2-rainbow cycle colouring
of G′. The proof is complete.
By means of a similar construction as that in the proof of Theorem 3.2, we
can obtain a polynomial reduction of “the 5-vertex-colouring problem” to the
following problem.
Theorem 3.3. Given a graph G, the problem of deciding whether crx2(G) ≤ 5
is NP-Complete.
Proof. Let G = (V,E) be an instance of the 5-vertex-colouring problem, where
V = {v1, v2, . . . , vn}. We can construct a graph G
′ similar to the graph in The-
orem 3.2, except that U = {u1i,j, u
2
i,j : vivj ∈ E(G) and i < j} ∪ {a} and
E3 = {viu
1
i,j, u
2
i,jvj : vivj ∈ E(G) and i < j} ∪ {avi : i ∈ [n]}. Moreover, the
edges in E1 still form a complete graph G
′[U ] and the edges in E5 still form a
complete bipartite graph between the vertices in U and W 1 ∪ W 2. The other
vertex sets and edge sets remain unchanged.
Note that, now G′[V ] is still an empty graph and for any vivj ∈ E(G), only
one vertex a is adjacent to both vi and vj. Therefore, any cycle of length at most
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5 containing both vi and vj must contain the edges avi and avj . Thus, for any
2-rainbow cycle colouring c′ of G′ using 5 colours, c′(avi) 6= c
′(avj). Similarly,
define the vertex-colouring c of G by c(vi) = c
′(avi), for every vi ∈ V (G), and c
is indeed a proper 5-vertex-colouring.
In the other direction, let c : V → {c1, c2, c3, c4, c5} is a proper 5-vertex-
colouring of G. The edge-colouring c′ of G′ we will define is similar to that in the
proof of Theorem 3.2.
In Theorem 3.2, we colour E1 by c1, c2 and c3 such that c
′(E1) is 2-rainbow
cycle colouring of G′[U ]. Now, for any uki,ju
l
i′,j′ ∈ E1 and u
k
i,ja ∈ E1, where
{i, j} 6= {i′, j′}, 1 ≤ k ≤ 2 and 1 ≤ l ≤ 2, let c′(uki,ju
l
i′,j′) and c
′(uki,ja) be the
colours of ui,jui′,j′ and ui,ja in Theorem 3.2, respectively.
For each edge avi ∈ E3, we still set c
′(avi) = c(vi). For any vivj ∈ E(G), since
c(vi) 6= c(vj), c
′(avi) 6= c
′(avj). Now colour the edges viu
1
i,j, u
1
i,ju
2
i,j and vju
2
i,j by
{c1, c2, c3, c4, c5}\{c
′(avi), c
′(avj)} such that viu
1
i,ju
2
i,jvjavi is a rainbow cycle.
For each edge xy ∈ E5, where x ∈ U and y ∈ W
1 ∪W 2, if y = w1i,j, we still
set c′(xy) = c3; otherwise, y = w
2
i,j and we still set c
′(xy) = c4.
The colours of the other edges remain unchanged.
Similarly, it can be verified that this edge-colouring c′ is indeed a 2-rainbow
cycle colouring of G′ using five colours. The proof is complete.
4. 3-Rainbow cycle index
For a given graph G, it is easy to check whether crx3(G) = 3.
Theorem 4.1. For a given graph G, crx3(G) = 3 if and only if G ∈ {K3, K4}.
Proof. Obviously crx3(K3) = 3. For K4, let V (K4) = {v1, v2, v3, v4}. Define an
edge-colouring c of K4 as follows: c(v1v2) = c(v3v4) = 1, c(v1v3) = c(v2v4) = 2
and c(v1v4) = c(v2v3) = 3. It is easy to check that c is a 3-rainbow cycle colouring
of K4, and so crx3(K4) = 3.
Conversely, it is clear that if crx3(G) = 3, then G is a complete graph and
|V (G)| ≥ 3. Now, suppose that G = Kn, where n ≥ 5. For any edge-colouring of
Kn with 3 colours, since δ = n−1 ≥ 4, there always exists a triangle S ⊆ V (Kn),
two edges of which have the same colour. Thus there is no rainbow cycle of length
3 containing S, and so crx3(Kn) ≥ 4, for n ≥ 5. The proof is complete.
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Next, we consider the problem of deciding whether crx3(G) = 4. Recall
that for positive integers ti, 1 ≤ i ≤ k, the Ramsey number r(t1, t2, . . . , tk) is
the smallest integer n such that every k-edge-colouring (E1, E2, . . . , Ek) of Kn
contains a complete subgraph on ti vertices all of whose edges belong to Ei, for
some i, 1 ≤ i ≤ k. In particular, the Ramsey number rk = r(t1, t2, . . . , tk), where
ti = 3, 1 ≤ i ≤ k, satisfies the following inequality ([3]).
Lemma 4.1. rk ≤ ⌊k!e⌋ + 1.
Now, we give the following theorem.
Theorem 4.2. Given a graph G, if |V (G)| ≥ 66, then crx3(G) > 4.
Proof. Let |V (G)| = n, and then G ⊆ Kn. By Lemma 4.1, r4 ≤ ⌊4!e⌋ + 1 ≤ 66.
If n ≥ 66 ≥ r4, then for any edge-colouring of Kn with 4 colours, there always
exists a monochromatic copy of K3, say with vertex set S. Thus any cycle of
length at most 4 containing S must contain at least two edges with end-vertices
in S, and so cannot be rainbow. Hence, crx3(G) ≥ crx3(Kn) > 4. The proof is
complete.
Note that for |V (G)| ≤ 65, we can use enumeration method and check all the
possible colourings of E(G). Though the time is bounded by a fixed integer t, it
is possible that t is too big and unbearable. Thus, it is necessary to find a more
effective algorithm to decide whether crx3(G) = 4, for |V (G)| ≤ 65.
For ℓ ≥ 5, the complexity of the problem of deciding whether crx3(G) ≤ ℓ
remains unknown.
5. Rainbow cycle colouring
Suppose we are given an edge-colouring of the graph. Is it then easier to verify
whether the colouring is a 1-rainbow cycle colouring? Clearly, if the number of
colours is constant, then this problem becomes easy, simply by means of an
exhaustive search. However, if the colouring is arbitrary, the problem becomes
NP-Complete.
Theorem 5.1. Given an edge-coloured graph G, the problem of checking whether
the given colouring is a 1-rainbow cycle colouring is NP-Complete.
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We establish its NP-Completeness by reducing the following problem from [5]
to it.
Lemma 5.1. The following problem is NP-Complete: Given an edge-coloured
graph G and two vertices s, t of G, decide whether there is a rainbow path con-
necting s and t.
Proof of Theorem 5.1. The problem clearly belongs to NP. Now given a graph
G = (V,E) with two special vertices s and t and an edge-colouring c of G, we
construct a graph G′ = (V ′, E ′) and define an edge-colouring c′ of G′ such that
s and t are rainbow connected in G under c if and only if c′ is a 1-rainbow cycle
colouring of G′.
Let V = {v1, v2, . . . , vn−2, vn−1 = s, vn = t} be the vertex set of the original
graph G. We set V ′ = V ∪ U ∪ W , where U = {u1, u2, . . . , un−2} and W =
{w1, w2, . . . , w2n−4}, and E
′ = E∪{viui, uivi+1 : i ∈ [n−3]}∪{vn−2un−2, un−2v1}∪
{sw1, w2n−4t} ∪ {wiwi+1 : i ∈ [2n− 5]}.
The colouring c′ is defined as follows:
• All edges e ∈ E retain the original colours, namely c′(e) = c(e).
• The edges sw1, {wiwi+1 : i ∈ [2n − 5]} and w2n−4t are coloured with (2n − 3)
new colours c′1, c
′
2, . . . , c
′
2n−3, respectively.
• Finally, set c′(viui) = c
′
2i−1 and c
′(uivi+1) = c
′
2i, for i ∈ [n−3]. Set c
′(vn−2un−2) =
c′2n−5 and c
′(un−2v1) = c
′
2n−4.
Obviously, if there is a rainbow path P from s to t in G under c, then
P ∪ sw1w2w3 . . . w2n−4t is a rainbow cycle containing {s, t} ∪ W . Moreover,
v1u1v2u2v3 . . . vn−3un−3vn−2un−2v1 is a rainbow cycle containing V \{s, t} ∪ U .
Thus, c′ is indeed a 1-rainbow cycle colouring of G′.
Now, in turn, assume that c′ is a 1-rainbow cycle colouring of G′. Then the
vertex w1 must lie on a rainbow cycle l in G
′. Obviously, any cycle containing
w1, including the cycle l, must contain the path sw1w2w3 . . . w2n−4t, which uses
up all the new colours: c′1, c
′
2, . . . , c
′
2n−3. Thus l\{w1, w2, . . . , w2n−4} is actually a
rainbow path from s to t in G under c. The proof is complete.
Intuitively, given an edge-coloured graph, if the colouring is arbitrary, the
problem of deciding whether the colouring is a k-rainbow cycle colouring (k ≥ 2)
is not easier than that of deciding whether the colouring is a 1-rainbow cycle
colouring. Actually, we can show that, for k = 2 and 3, the problem is indeed
NP-Complete.
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Firstly, we prove the following claim.
Lemma 5.2. The first problem defined below is polynomially reducible to the
second one:
Problem 1: Given an edge-coloured graph G, decide whether any k vertices of
G are connected by a rainbow path, where k ≥ 2.
Problem 2: Given an edge-coloured graph G, decide whether the given colouring
is a k-rainbow cycle colouring, where k ≥ 2.
Proof. Given a graph G = (V,E) and an edge-colouring c of G, we construct
a graph G′ = (V ′, E ′) and define an edge-colouring c′ of G′ such that for the
resulting edge-coloured graph the answer for Problem 2 is “yes” if and only if the
answer for Problem 1 for the original edge-coloured graph is “yes”.
Let V (G) = {v1, v2, . . . , vn}. Now we add two adjacent vertices a and b to
G, and join a and b to each vertex of V (G), that is, V ′(G′) = V ∪ {a, b} and
E ′(G′) = E ∪ {avi, bvi : i ∈ [n]} ∪ {ab}.
The colouring c′ is defined as follows:
• All edges e ∈ E retain the original colours, namely c′(e) = c(e).
• The edges {avi : i ∈ [n]} are coloured with a new colour c
′
1.
• The edges {bvi : i ∈ [n]} are coloured with a new colour c
′
2.
• The edge ab is coloured with a new colour c′3.
Firstly, assume that for any k vertices of V (G), there is a rainbow path P
connecting the k vertices in G. Let x and y be the ends of P . Then, obviously
xPyabx is a rainbow cycle in G′ containing the vertices a, b and the k vertices.
Thus, it is easy to see that c′ is indeed a k-rainbow cycle colouring of G′.
Conversely, assume that c′ is a k-rainbow cycle colouring of G′. Thus, for
any k vertices of V (G) ⊆ V ′(G′), there is a rainbow cycle C containing the k
vertices. If the vertex a belongs to C, since the edges av1, av2, . . . , avn have the
same colour, the vertex b must belong to C. Then C\{a, b} is a rainbow path
connecting the k vertices in G. If the vertices a, b /∈ V (C), then the deletion of
any one edge from C can result in a rainbow path connecting the k vertices in G.
The proof is complete.
The case k = 2 of Problem 1 is exactly the problem in the following lemma,
and its NP-Completeness has been confirmed in [5].
Lemma 5.3. The following problem is NP-Complete: Given an edge-coloured
graph G, check whether the given colouring makes G rainbow connected.
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Obviously, Problem 2 is in NP. Then Lemma 5.3, combined with Lemma 5.2,
yields the following theorem.
Theorem 5.2. Given an edge-coloured graph G, the problem of checking whether
the given colouring is a 2-rainbow cycle colouring is NP-Complete.
Next, we establish the NP-Completeness of the case k = 3 of Problem 1 by
reducing the problem in Lemma 5.1 to it.
Lemma 5.4. The following problem is NP-Complete: Given an edge-coloured
graph G, decide whether any three vertices of G are connected by a rainbow path.
Proof. Given a graph G = (V,E) with two special vertices s and t and an edge-
colouring c of G, we construct a graph G′ = (V ′, E ′) and define an edge-colouring
c′ of G′ such that s and t are rainbow connected in G under c if and only if the
colouring c′ makes any three vertices of G′ connected by a rainbow path.
Let V = {v1, v2, . . . , vn−2, vn−1 = s, vn = t} be the vertex set of the orig-
inal graph G. We set V ′ = V ∪ U ∪ W ∪ {sˆ, tˆ, s, t}, where V = V \{s, t} =
{v1, v2, . . . , vn−2}, U = {u
1
i , u
2
i : i ∈ [n− 2]} and W = {w
1
i , w
2
i : i ∈ [n− 2]}, and
E ′ = E ∪{viu
1
i , viu
2
i : i ∈ [n− 2]}∪{viw
1
i , viw
2
i : i ∈ [n− 2]}∪{u
a
i u
b
j, w
a
iw
b
j : i, j ∈
[n− 2], a, b ∈ {1, 2}} ∪ {u11sˆ, u
1
1s, w
1
1sˆ, w
1
1s, sˆs, u
1
n−2tˆ, u
1
n−2t, w
1
n−2tˆ, w
1
n−2t, tˆt}.
The colouring c′ is defined as follows:
• All edges e ∈ E retain the original colours, namely c′(e) = c(e).
• The edges sˆs and {viw
1
i : i ∈ [n− 2]} are coloured with a new colour c
′
1.
• The edges tˆt and {viu
2
i : i ∈ [n− 2]} are coloured with a new colour c
′
2.
• The edges {u11sˆ, u
1
1s, w
1
1sˆ, w
1
1s, u
1
n−2tˆ, u
1
n−2t, w
1
n−2tˆ, w
1
n−2t} and {viu
1
i : i ∈ [n−2]}
are coloured with a new colour c′3.
• The edges {u1iu
2
i : i ∈ {2, 3, . . . , n− 2}} are coloured with a new colour c
′
4.
• The edges u11u
2
1 and {u
a
i u
b
j : 1 ≤ i < j ≤ n− 2, a, b ∈ {1, 2}} are coloured with
a new colour c′5.
• The edges {viw
2
i : i ∈ [n− 2]} are coloured with a new colour c
′
6.
• The edges {w1iw
2
i : i ∈ [n− 2]} are coloured with a new colour c
′
7.
• The edges {waiw
b
j : 1 ≤ i < j ≤ n − 2, a, b ∈ {1, 2}} are coloured with a new
colour c′8.
Next, we always let i, j, k ∈ [n− 2] and a, b ∈ {1, 2}.
14
Firstly, suppose that there is a rainbow path P from s to t in G under c. Let
x, y and z be any three vertices of G′ and S = {x, y, z}. Now let us prove that
x, y and z are connected by a rainbow path under c′.
Case 1: S ⊆ U or S ⊆W .
If S = {u1i , u
1
j , u
2
k} ⊆ U , where i 6= j 6= k, then u
1
iu
1
jvjw
1
jw
2
kvku
2
k is a rainbow
path connecting S.
If S = {u1i , u
1
j , u
1
k} ⊆ U , where i 6= j 6= k and w.l.o.g., k 6= 1, then
u1iu
1
jvjw
1
jw
2
kvku
2
ku
1
k is a rainbow path connecting S.
If S = {u1i , u
1
j , u
2
j} ⊆ U , where i 6= j, then u
1
iu
1
ju
2
j is a rainbow path connecting
S (if j = 1, let the path be u1iu
1
jvju
2
j).
The other subcases S = {u1i , u
2
j , u
2
k}, S = {u
2
i , u
2
j , u
2
k} and S ⊆W are similar.
Case 2: S ⊆ V .
Let S = {vi, vj, vk}, where i 6= j 6= k, and then viu
1
iu
2
jvjw
1
jw
2
kvk is a rainbow
path connecting S.
Case 3: S ⊆ {sˆ, tˆ, s, t}.
Obviously, sˆsP ttˆ contains a rainbow path connecting S.
Case 4: x, y ∈ U and z ∈ V or W or {sˆ, tˆ, s, t}.
Let {x, y} = {uai , u
b
j}.
If z = vk ∈ V , then u
a
i u
b
jvjw
1
jw
2
kvk is a rainbow path connecting S (if k = i or
j, let the path be ubju
a
i vi or u
a
i u
b
jvj).
If z ∈ W , then uai u
b
jvjw
1
jz is a rainbow path connecting S.
If z ∈ {sˆ, s} (or {tˆ, t}) and a = b = 1, then w.l.o.g., let j 6= 1 and u1iu
1
ju
2
jvjw
1
jw
1
1z
(or u1iu
1
ju
2
jvjw
1
jw
1
n−2z) is a rainbow path connecting S.
If z ∈ {sˆ, s} (or {tˆ, t}) and w.l.o.g., b = 2, then uai u
b
jvjw
1
jw
1
1z (or u
a
i u
b
jvjw
1
jw
1
n−2z)
is a rainbow path connecting S.
The case x, y ∈ W and z ∈ V ′\W is similar.
Case 5: x, y ∈ V and z ∈ U or W or {sˆ, tˆ, s, t}.
Let {x, y} = {vi, vj}, where i 6= j.
If z ∈ U (or W ), then viw
1
iw
2
jvju
1
jz (or viu
1
iu
2
jvjw
1
jz) is a rainbow path con-
necting S.
If z ∈ {sˆ, s} (or {tˆ, t}), then viw
1
iw
2
jvju
2
ju
1
1z (or viw
1
iw
2
jvju
2
ju
1
n−2z) is a rainbow
path connecting S.
Case 6: x, y ∈ {sˆ, tˆ, s, t} and z ∈ U or W or V .
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If z ∈ U (or W ), then zu11sˆsP ttˆ (or zw
1
1 sˆsP ttˆ) contains a rainbow path con-
necting S.
If z = vi ∈ V , then viw
2
iw
1
1sˆsP ttˆ contains a rainbow path connecting S.
Case 7: |U ∩ S| ≤ 1, |W ∩ S| ≤ 1, |V ∩ S| ≤ 1 and |{sˆ, tˆ, s, t} ∩ S| ≤ 1.
If x = uai ∈ U , y = vj ∈ V and z ∈ W , then vju
b
ju
a
i viw
1
i z is a rainbow path
connecting S, where a 6= b (if i = j, let the path be uai viw
1
i z).
If x ∈ U , y ∈ {sˆ, s} (or {tˆ, t}) and z = wak ∈ W , then yw
1
1w
a
kvku
2
kx (or
yw1n−2w
a
kvku
2
kx) is a rainbow path connecting S.
If x ∈ U , y ∈ {sˆ, s} (or {tˆ, t}) and z = vj ∈ V , then yw
1
1w
2
jvju
2
jx (or
yw1n−2w
2
jvju
2
jx) is a rainbow path connecting S.
If x ∈ {sˆ, s} (or {tˆ, t}), y = vj ∈ V and z = w
a
k ∈ W , then xu
1
1u
2
jvjw
1
jw
a
k (or
xu1n−2u
2
jvjw
1
jw
a
k) is a rainbow path connecting S.
In a word, S is always connected by a rainbow path.
Conversely, assume that the colouring c′ makes any three vertices of G′ con-
nected by a rainbow path. Thus, for S = {u11, sˆ, tˆ}, there is a rainbow path P
connecting S. Note that the edges adjacent to u11 are coloured either c
′
3 or c
′
5, the
edges connecting U and V ′\U are coloured either c′2 or c
′
3, and the edges adjacent
to tˆ are coloured either c′2 or c
′
3. It follows that u
1
1 must be one end of the path
P . If sˆ is the other end and tˆ is an internal vertex of P , then it is easy to check
that P = sˆsP ′ttˆu1n−2u
1
1, where P
′ is exactly a rainbow path from s to t in the
original graph G. Similarly, if tˆ is the other end and sˆ is an internal vertex of P ,
then P = u11sˆsP
′ttˆ, where P ′ is a rainbow path from s to t in the original graph
G. The proof is complete.
Now from Lemma 5.4 and Lemma 5.2, we can get the following theorem.
However, for k ≥ 4, the complexity of Problem 1 and 2 remains unknown.
Theorem 5.3. Given an edge-coloured graph G, the problem of checking whether
the given colouring is a 3-rainbow cycle colouring is NP-Complete.
6. Future work
The k-rainbow cycle index, crxk(G) studied in the paper is a new topic and
there are so many properties can be investigated. Furthermore, it would be
interesting to study the parameter Fk. Some properties of Fk are characterized
by Liu in [18]. One referee pointed out to study the complexity for checking if a
graph is in Fk, for various k. Hope to come back in the future.
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